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Abstract 

This is a generalization of the procedure presented in [3] to construct semisim- 
ple bi-flat F-manifolds (M, V*- 1 ), V^ 2 * 1 , o, *, e, E) starting from homogeneous so- 
lutions of degree —1 of Darboux-Egorov-system. The Lame coefficients Hi 
involved in the construction are still homogeneous functions of a certain degree 
di but we consider the general case di ^ dj. As a consequence the rotation co- 
efficients fiij are homogeneous functions of degree di — dj — 1. It turns out that 
any semisimple bi-flat F manifold satisfying a natural additional assumption 
can be obtained in this way. Finally we show that three dimensional semisimple 
bi-flat F-manifolds are parametrized by solutions of the full family of Painleve 
VI. 



1 Introduction 

A bi-flat semisimple F-manifold (M, V 1 - 1 **, V*- 2 -*, o, *, e, E) is a manifold M endowed 
with a pair of flat connections and V*- 2 -*, a pair of products o and * on the tangent 
spaces T U M and a pair of vector fields e and E satisfying the following conditions: 

• the product o is commutative, associative and with unity e. Moreover it is 
semisiple; this means that there exists a special set of coordinates, called canon- 
ical coordinates, such that the structure constants of o reduce to the standard 
form c l jk = Sffi. 

• the product * is also commutative, associative and with unity E. Moreover the 
operator L = Eo has vanishing Nijenhuis torsion and functionally independent 



1 



eigenvalues. As a consequence, in canonical coordinates for o, the structure 
constants of * read c*\ = E i) u i\ ^k- 

• V 1 - 1 ) is compatible with the product o and is compatible with the product 

vf% = Vf 4, v\%% = Vf >cg (1.1) 

• V (1) e = and V (2) £ = 0, 

• V (1) and V (2) are almost hydrodynamically equivalent i.e. 

(d v( i)-d v(3 ))(Xo) = 0, or (d v( i)-d v(9 ))(X*) = (1.2) 

for every vector fields X; here dy is the exterior covariant derivative constructed 
from a connection V. 

Bi-flat F-manifolds are a natural generalization of Frobenius manifolds. In the 
Frobenius case V*- 1 -* is the Levi-Civita connection of a metric rj which is invariant with 
respect to the product. This extra assumption has two important consequences: 

- in flat coordinates for V^, one has 

rj u c l jk = didjd k F 
for a suitable function F, called the Frobenius potential. 

- the associated integrable hierarchy of PDEs, the principal hierarchy, is Hamiltonian 
with respect to the local Poisson bracket of hydrodynamic type defined by the metric 
rj. 

This means that, in general, the structure constants of bi-flat F manifolds do 
not admit any Frobenius potential and the associated integrable hierarchies are not 
Hamiltonian with respect to a local Poisson bracket of hydrodynamic type, at least 
in the usual sense (they become Hamiltonian in a weaker sense if one considers local 
Poisson bracket on 1-forms [1]). 

In [3] it was shown how to construct semisimple bi-flat F-manifolds starting from 
the solutions of the Darboux-Egorov system [7J [9] 

dkPa = Pikfikj, k^i^ j (1.3) 
e(A;) = 0, (1.4) 

(1.5) 

augmented with the condition 

E{Pij) = -/V (1-6) 

In the symmetric case = (3ji the construction reduces to the usual Dubrovin pro- 
cedure to define semisimple Frobenius manifolds from solutions of Darboux-Egorov 
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system. The non trivial point in the generalization is the relation between the con- 
nection V*- 1 -* and the Lame coefficients Hi involved in the construction: in the non 
symmetric case the connection V*- 1 * 1 is no longer the Levi-Civita connection of the 
diagonal metric r\a = Hf. 

In the present paper we further extend Dubrovin procedure considering instead of 
(11. 6p the more general condition 

E(p ij ) = (d i -d j -l)p ij . (1.7) 

This adds n — 1 free parameters to the theory. Remarkably, in the case n = 3 the 
system (ll.3fl.4fl.7p is equivalent to the full family of Painleve VI (a more precise 
statement will be given in Section 5). Notice that the additional constraint (11.71) is 
not compatible with = /3ji since 

Etfij) - E(p ji ) = 2{<U - dj)Pij 

and therefore the case di + dj does not produce new examples of Frobenius manifolds. 

The paper is organized as follows. In Section 2 we show how to construct bi-flat 
F manifolds starting from solutions of (ll.3fl.4fl.7p . We also show that if we assume 
that the eigenvalues of Eo are canonical coordinates, then all bi-flat F manifolds can 
be obtained in this way. The case n = 2 and n = 3 are treated in Section 3 and 4. 
Section 4 is also devoted to discuss how the solutions of the system (11.3111. 4111. 7p are 
related to the sigma form of Painleve VI. In the final Section 5 we discuss an example. 

2 From Darboux-Egorov system to bi-flat F man- 
ifolds 

From now on we will work in canonical coordinates (it 1 , . . . , u n ) and we will denote by 
di the partial derivative t^. Moreover by definition e = ^™ =1 di and E = Y^i=\ ul d%- 

Theorem 2.1 Let be a solution of the system ( fi.3l] i.^pT7| ) and (Hi, . . . ,H n ) a 
solution of the system 

djHi = PijHj, i + 3 (2-1) 
e(Hi) = 0, (2.2) 

satisfying the condition 

E(Hi) = diHi, (2.3) 

then 
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the natural connection Vi defined by 

if. 

i/ie dual connection V2 defined by 

T) k :=0 V^j/M* 



n . : = — r r{, i ^ j 

r<-:=f% i^i < 2 ' 5 ' 

ii " / , j r it 

i^fct 

• £/ie structure constants defined in the coordinates (u , . . . , u n ) by c* fc = Sj5 % k , 

• the structure constants defined in the coordinates (it 1 , . . . , u n ) by c*' k = -^5^5^, 

• the vector fields e and E, 

define a bi-flat semisimple F -manifold (M, Vi, V2, °, *, e, E). 

Proof. The flatness of the connections and V*- 2 -* can be proved by straightfor- 
ward computation. Moreover, by construction, the connection Vi defined in ( 12. 4 p is 
compatible with the product c* fc = 5jS\ and satisfies Vie = and the connection V2 

defined in ( 12. 5 p is compatible with the product c* l k = and satisfies V2E = 0. 

Finally, the natural connection and the dual connection associated to the same 
functions Hi are almost hydrodynamically equivalent by definition since 

r (l)i _ p(2)t _ Hj_ R 
1 ij ~ 1 ij ~ ff. ^ti ■ 



A natural question arises: does any bi-flat F-manifold come from a solution of 
the system (II. 3)1. 4111. 7112. 1|I2.2|I2.3P ? The answer is given by the following theorem. 

Theorem 2.2 Let (M, V^, V^, o, *, e, E) be a bi-flat F -manifold such that the eigen- 
values of Eo are canonical coordinates. Then there exist (Hi, fy) satisfying the system 
$1.3§1.4$T7i\2.1Vi2.2!i2.3\) such that, in canonical coordinates 



r (i)i _ r (2)t _^± R 

1 ij ~ 1 ij ~ JJ. V % j ■ 
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Proof: In canonical coordinates is given by (12. 4p and e = £ ; Moreover, 
due to the additional assumption in canonical coordinates E = J2i ul ~£j and V^ 2 - 1 is 
given by (12. 51) . Since V 1 - 1 ^ and V 1 - 2 ^ are almost hydrodynamically equivalent we have 
also 

Now we have to exploit the flatness of V' 1 ' and V*- 2 - 1 . From 

Rikj = ^ikj = ®k^ij — djT ik = 0, 
it folllows that there exist Hi such that 

r;, o,\uii; 

Clearly Hi is defined up to a multiplicative factor depending only on u % . Using 
= and R$* = we obtain 

e(ry = ftrj, + £ <>,r; ; = ^if + £ ftrj,- = -£ <>,-r; 7 + £ a,ri = o. 

This implies dj (j^f^^j = 0, that is e(Hj) = Ci(u l )Hi. Due to the freedom in the 
choice of Hi, without loss of generality we can assume c l = 0. Similarly, using the 
flatness of the dual connection (in particular R^J 1 = and R^j 1 = 0) we obtain 

i+i i^i 

and, as a consequence: 

dj (E(\n H^) = E (dj In Hi) + d j In ^ = 0, Vj ^ i. 

This means that E{Hj) = di(u l )Hi. We have to prove didi = 0. By straightforward 
computation we obtain 

Qd Q (E(Hi)\ E(diHi) + diHi E(Hi)diHi 



V Hi J Hi H i 

E (- diH) - E ¥l diHi + d 1 Ei/i ^ 



Let us define the rotation coefficients as 



0. 



dj Hi Hj „ 
H 3 Hj L « 



It remains to prove (11.41) . (jl.7p and (jl.3p . Due to e(^) = 0, E(Hi) = diHi and 
S(r^) = — F\j, the first and the second ones are elementary. The last one follows 



from i$J = ^ = 0: 



o = ^r* y + - v^vj, - n,v' 



' i 



dkHj a Hjd k Hi R ^ Hj a R ^ H k Hj R R H k fl R Hj 
H 



Remark 2.3 Both the systems ^3 jJ^T7\ ) and f2.lf2.9f (given satisfying ( TOp^ ) 
are compatible. The proof is a straightforward (not short) computation. For arbitary 
values of the constant d, system Ii2.1i2.0i2.3\) does not admit solutions. The choice of 
the right degrees of homogeneity can be done adapting the procedure used by Dubrovin 
in |2J/ for the symmetric case. 

The key observation is that the system lll.3§1.4$l-ty can be written in the Lax /orm0 

d k V= [V,W] 

where Vij = (u^ — u % )j3ij — (dj — di)5j and = 5f/3 k j — Afe^j (clearly instead of d\ 
we can choose d,2, . . . , d n ). Moreover the system li2.U2.2\) is equivalent to 

d k H = -WH 

where H = (Hi, . . . , H n ). Using these facts it is easy to check that 

• the matrix V acts on the space of solutions of the linear system h2.1\2.2\) . 

• the eigenvalues of V do not depend on u. 

• di must be an eigenvalue ofV. Indeed the eigenvectors = (h[ , . . . , H^) 
of V satisfy the equation: 

E(H { l a) ) = (d l -di + f i)H i t a) . 



1 by definition j3u = 0. 
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3 Examples in the case n = 2 

In this case the Egorov-Darboux system reduces to 

dPg | dfrj _ Q 
du 1 du 2 

The first equations tell us that the rotation coefficients depend only on the difference 
{u 1 — u 2 ). The remaining equations tell us that they are homogeneous functions of 
degree —1. This gives us 

12 = C 1 (u 1 -u 2 ) dl ~ d2 -\ 

021 = C 2 (u 1 -U 2 ) da - dl - 1 . 

To construct the natural connections we need to solve the system for the Lame coef- 
ficients: 



du 1 


dHi 

= 

du 2 






u l9Hi 
du 1 


Vu2 m 

du 2 


diHi, 




d 2 H 1 = 


= di^-u 2 


\di-<f 2 - 


- X H 2 


d,H 2 = 


--C 2 (u l -u 2 


\d,2— di- 





The first two equations imply 



2\<Zi 



Hi = D^u 1 -u , 
H 2 = D^-u 2 )^. 

Due to the remaining equations the constants D\, D 2 , di, d 2 obbey two additional 
additional constraints: 

-diA = C X D 2 

and 

d 2 D 2 = C 2 D X . 
Multiplying both equations we obtain 

d x d 2 = -dC 2 . (3.1) 

The same result can be obtained computing the eigenvalues of the matrix V 



-d 
C 2 d\ — d 2 
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(3.2) 



We have 

di - d 2 ± y/{dx - d 2 ) 2 - AdC 2 
X ~ 2 • 

If we impose that d± is an eigenvalue we obtain the constraint (13. ip . 

For any choice of C\ and C 2 the natural and dual connections Vi and V2 are 
defined by (El) and (ESI) with 

(1)1 _ F (i) _ D 2 C\ di 



pi — r^ 1 ' 1 — r 

12 " 12 " 12 " ^ ul _ ^ " u2 _ ul 

F 2 r (2)l _ p (2) _ D\ C 2 _ d 2 

1 ni 1 in 1 1 



21 ~~ 1 12 ~~ x 12 ~~ n 1 2 _ I 2 ' 

4 Bi-flat F-manifolds in dimension n = 3 

In this Section we show that the system (jl.3|1.4|1.7p is equivalent to the sigma form 
of Painleve VI. In literature, the relation between Darboux-Egorov (or the related 
TV-wave system) and Painleve VI has been studied by several authors (for instance 
[TU| [T3l [T2l [6l [I]). The proof we present here is elementary. In one direction (from 
Darboux-Egorov to Painleve VI) it is based on p]. In the other direction we extend 
the proof given in [3] in the case di = dj . 

First of all, we observe that, due to f ll.4j) and (11. 7p . the rotation coefficients 
are homogeneous functions of degree di — dj — 1 depending only on the difference of 
the coordinates. Without loss of generality we can write them in the form 



012 = 




1 




F\2 


U 2 




u 1 


02i = 




1 




F 2 \ 


U 2 




u 1 


32 = 




1 




Fz 2 


It 3 




u 2 


023 = 




1 




F 2 3 


it 3 




II 2 


013 = 




1 




F13 


It 3 




u 1 


031 = 




1 




F 3 i 






u 1 



2 „,l\di-<i2 



y - u 1 ) 



3 1 

u — u 
u 2 — u 1 

u 2 — -u 1 

^^r) (w 2 -^ c 

U 2 — "U 
3 1 

u — u 



(4.1) 



-u 2 — u 1 

3 1 

It — u 
u 2 — u 1 



[u 2 - u 1 )^ 3 



f 2 _ yl^-dl 



s 



Putting (14. ip into the system (11.31) we obtain the system (14.21) for the functions Fij. 

d F - 1 F F 

~r r 12 — —, 77-^13-^32 

dz z{z — 1) 

~rFis = 7-^12-^23 H --^13 

dz z — 1 z 

d F - 1 F F 

-T-T21 — —, 77-^23-^31 

dz Z{Z - 1) ^ ^ 

d „ 1 d 2 — d 3 

~7~-^23 — -F21F13 H ^—-^23 

dz z z — 1 

-p-^31 = 7-^32-^21 H " --^31 

dz z — 1 z 

d 1 d 3 — d 2 

~rF 32 = —F31F12 H —F32, 

dz z z — 1 

3 1 

where the independent variable z := ^tE^t- 

Now we discuss how the non-autonomous systems of ODEs (14.21) for the F^ can 
be reduced to the sigma form of Painleve VI. 

Theorem 4.1 System (I4.2p is equivalent to the following equation: 
z\z - l) 2 (f ) 2 + 4 [f(zf - ff - (ff(zf - /)] - (2ft> 2 + d\,){f) 2 - d\ x (zf - ff + 
- 2d 2l d l3 f (zf - /) - ((di 3 + d 23 )R 2 + 2D)d 2l [zf - f) + 

(d 13 + d 23 )R 2 ^ 2 



- [((di3 + d 23 )R 2 + 2D)d 13 + i? 4 ]/' -(D + 

(4.3) 

After the substitution f = ip + az = (f) = az + b with a — ^f 1 and = — d21 4 d23 £/ie 
equation (14.31) reduces to 

z 2 (z - 1) 2 (0") 2 + 4 [<//(#' - 0) 2 - (0') 2 (#' - </>)] - [2i? 2 + d 2 13 + d 21 d 23 ] (<P'f+ 



, d 2 i ^21^13 



21)4! + (rfis^i + d 23 d 21 )R 2 + ^ + 



4 2 

it! 4 + 2Dd 13 + {{d 2 21 + rf 2 3 + d 23 d 13 )R 2 - + d2ldl3d23 + + ^ 



f? 4 D 

D 2 - DR 2 (d 13 + d 23 ) - — [d 2 21 + (di 3 + d 23 ) 2 ] - —d 2 21 (d 13 + d 23 ) + 
R 2 d 4 

—d 2 21 [d 2 21 + Ad 13 d 23 + 2d\ z + 2rf 2 3 ] - [d 23 d 2 i + d 2 13 + 2d 13 d 23 ] 



which is the sigma form of Painleve VI equation: 

z 2 (z - 1) V') 2 + 4 [a'(za' - a) 2 - (a'f(za ! - a)] - A Vl v 2 v 3 v 4 (za' - a) + 

-(^') 2 (x>2 J - a> [ X>M - 2 viv 2 v 3 vA - v * v >l 

\k=l / \i<j / i<j<k 



(4.4) 



(4.5) 



where the parameters v\ , v 2 ,v 3 , v\ are the roots of the polynomial 
A 4 - {2R 2 + d 2 13 - d 21 d 13 )X 3 + 



+ 



R* + D(2d 13 + d 21 ] 



d V3 d 



13«21 , «23«21 



+ 



d? 3 d? 



2 2 

^21^23 _|_ ^21 _|_ ^21^13 rf 21 (j 13 C?23 ^21^23 _|_ 13 



^21 + ^13 + ^23^13 -R 



A 2 + 



D 2 + L># 2 (d 13 + d 23 ) - ^ (d 2 21 + (d 13 + d 23 ) 2 ) + y<&(di 3 + 4 3 )+ 



d 4 

+— 4 (d 2 ! + 4d 13 d 23 + 2d 2 3 + 2d 2 3 ) + -f (d 23 d 21 + d 2 3 + 2d 13 d 23 ) 
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A+ 



+ 



-D i? 2 . d 21 doi d 

7T«21 + -r(ai3«21 + « 23 a2l) + -T77 

2 4 lb 



21°13 



Proof. By straightforward computation we get 

d 



dz 



{F\ 2 F 2 i + F13F31 + F 23 F 32 ) — 



and 



d 

dz 



(F 23 F 31 Fi 2 — Fi 3 F 32 F 2 i + d 23 F 13 F 31 + di 3 F 23 F 32 ) — 



where cL- := di — dj. This implies 



^12-^21 + -^13-^31 + -^23-^32 



-R 2 



and 



^23-^31-^12 — -^13-^32-^21 + ^23-^13-^31 + di 3 -F 23 F 32 

for some constants R and D. 

Let us introduce a function / defined, up to a constant, by 

F\ 2 F 2 i := f 

Due to equations (14.2| . we have 



d 

^- (-^13-^31) = F lz F 3 i + Fi 3 F 31 = 

-Fi 2 F 23 F 3 i H — -F 13 F 3 i 



z 



1 d 3 — d\ 
F 32 F 2 iF 13 H 



(4.6) 



(4.7) 
(4.8) 



(4.9) 



z - 1 



2-1 

(F 12 F 21 ) = F 12 F 21 - A (zF 12 F 21 ) = (/ - zf) 
dz dz 



z 



F\ 3 F 3 i 



d 



dz 



Thus, choosing the integration constant equal to — ^- we have 

^13^31 = f~zf 
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2 

2 ' 



(4.10) 



and consequently 



23^32 



-R — F 12 F 21 



F13F31 



(z-l)f-f 



2 ' 



(4.11) 



We want to derive a second order ODE for the function /. This can be easily done 
writing the second derivative of / in terms of the products F12-F21, -F13-P31 and F23F32. 
We have 

1 2 



in 2 



z(z 



l)^(F 12 F 21 ) 



[F21F13F32 + F12F31F23] 



4 (F12-F2I-F13-F3I-F23-F32) + (D — ^23-^13-^31 ~ <^13-P23-P32) 2 — 

4/'5'ifi'2 + [D - d 23 g ± - d 13 g 2 ] 2 , 

where gi — f — zf — -y-, g 2 = —f + {z — l)f — -y-. Expanding the above expression, 
after some computations one obtains the equation (14.31) . 

This proves that given a solution of system (14.21) we can construct a solution of ( 14. 3 j) . 

Viceversa given any solution / of f 14 . 3 [) the corresponding solution F^ of f 14 . 2 [) is 
defined by 



F\ 2 
F 2 \ 

F13 

F31 

F 2 3 

F32 



f exp 
/' exp 



5-1 exp 



-0 



9i exp 



L2t(t-1)/' 

2t(t-l)f'_ 

<P _ dn 
2(t-l) gi ~ t 

V? di3 

t 



92 exp 



92 exp 



[2(t-l) gi 

<p d 2 3 
2tg 2 t- 
V d 23 



dt + C12 
It + C21 
dt 
dt + C: 

dt + C 23 



C 



13 



31 



(4.12) 



dt + C; 



32 1 



_2tg 2 t-1 

where ip = D — d 23 gi — d^g 2 and Cy are integration constants satisfying the linear 
system 

- C l2 + C 13 + C 32 - In (f"(z )z (z - 1) - ^(zo)) + In (2y/f'(z )g 1 (z )g 2 (z Q )) = 

- C 21 + C 23 + C 3 i - In (f"(z )z (z - 1) + ^0)) + In (2^f(i^(^)^o)) = 

- C 13 + C 12 + C 23 - In (f"(z )z (z - 1) + ^0)) + In (2 v /f'(z )g l (z )g 2 (z )) = 

- C31 + C 32 + C21 - In (f"(z )z (z - 1) - ip(z )) + In (2 v //'(z )( ?1 (^)^(^o)) = 

- C 2 3 + C21 + C 13 - In (/"(zb)ab(«b - 1) - ¥>(*))) + In (2y/f'(z )g 1 (z )g 2 (z Q )) = 

- C32 + C 31 + C 12 - In {f"(z )z (z - 1) + y^o)) + In (2^ f'(z ) gi (z )g 2 (z )) = 

(4.13) 
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The proof is a generalization of the proof given in [3] in the case dij = (ip — D). 
Substituting ( I4.12p in ( I4.2p . after some computations we obtain 



-Ci 2 + C 13 + C 32 - In (f"(z )z (z - 1) - ^ )) + In (2^ f'(z ) gi (z )g 2 (z )) + 



d 



- In (t(t - 1)/" -<p)dt+ I - In [2 V?^] + 



=0 



+ 



dt 

9i92 + (t-l)f'9i-tfg 2 

(f r-r- T^r. at 



2t(t - I) f gx92 



d 



23 



t- 1 



^13 
t 



dt = 0, 



or, equivalent ly, 



-Cx2 + Cxz + C 32 - In {f"{zo)z (z - 1) - <^o)) + In (2 Vfi^M^gA^)) + 



r tit - 


l)f'+(2t- 


i)/" - 


1 Zq 

f 


~d 23 t 


t(t - l)f" - 

-d 13 (t-iy 


- v 

dt = 


/Zq 




t(t-i) _ 



dt 



(t(t-l)f + ?)£[/> 9x9 



-A) 



2t(t - l)f'gx92f" 



dt 



Using the equation (14. 3 j) written in the form 



f'9x92 = - A {z{z - l)f" + <p)(z{z - l)f" - tp) 
and the equation obtained from (14.31) by differentiating with respect to z, we obtain 
-Cx2 + C13 + C 32 - In (f"(z )z (z - 1) - <p(z Q )) + In (2y/f'{z )g 1 (z )g2(zo)) + 



t(t-l)f"+(2t-l)f 



■-a 



t(t - l)f" - If 



dt 



'0 



t(t-l)(t(t-l)f"-ip)f 



dt 



<P' 



L*(*-i)/"J 



dt 



-C 



12 



c 



13 



C 32 - In (f'{z )z (z - 1) - c^o)) + In (2 SSSS)) + 



2t 2 (t - i) 2 /"f - 2t(t - + |[t 2 (t - i) 2 ](D 2 - ^Hfgigi] 



2() 



2t(t-l)(t(t -!)/"-</?)/" 



L*(*-i)/"J 



Ci 2 + C 13 + C 32 - In (f"(z )z (z - 1) - <^ )) + In (2 Vfi^M^g^o)) + 
-2t(t - l)(p'f" + 2ipip' 



=0 



2t(t-l)(t(t-l)/"-^)/" 



dt 









k*-i)/"J 



dt 



-Cx2 + Cxz + C 32 - In (/"(2 )zo(*o - 1) - <p{zo)) + In (2 v /f(^ ) 5l (z )^(^o)) 

This proves that the first equation of the system (14. 13j) comes from the first equation 
of the system ( 14. 21) . The remaining equations can be obtained in the same way. 



12 



Finally, performing the substitution f = i(j + az = (p = az + b with a — and 
b = — d21 ^ 23 ; it is easy to check that the equation (I4.3P reduces to (I4.4p . Comparing 
(14. 4 p with (14. 5p . we conclude that the equation for (j) and for a coincide iff 



E«2 

k=l 



i<j 



4 

E 

i<j<k 



2 2 2 



(2f? 2 + d 2 13 - d 21 d 13 ) 



R 4 + D{2d 13 + d 21 ) + 



d V id> 



13«21 , «23«21 



+ 0?2i + d 2 13 + d 23 dl3 



fr + 



^21^23 , ^21 _,_ ^21^13 ^21^13^23 ^21^23 ^21^13 

4 8 4 2 2 2 

D 2 + Di2 2 (d 13 + d 23 ) - ^- [4 + (d 13 + d 23 ) 2 ] + y4(di3 + d 23 ) + 

i? 2 d 4 
+—d 2 21 [d 2 21 + 4d 13 d 23 + 2d 2 13 + 2d 2 3 ] + ^| [d 23 d 21 + d 2 3 + 2d 13 d 23 ] 

D , i? 2 , . dni C?21 ^13 

+ ^(^13^21 + d 23 d 21 ) + + 



In other words, vf are the roots of the polynomial (14. 6p . 



5 The generalized e-system 

The rotation coefficients 



' Ui^( ui - ul Y l ui - uj 



\, = ;r 3 ;,, , ' , (5.1) 

and the Lame coefficients 



Hi = fr — -) j- (5.2) 



are solutions of the system (11.301.401. 702. 102.202.3p with d, t = - J2i& e*- 
Thus the associated natural connection V*- 1 * 1 

Tf l = Vi^j^k^i 
r (i)j _r<W* i -A o 

1 jj ~ 1 ij I J 

J u l — U J 

r (i)i _ _ww < 
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the associated dual connection 



r<? = o Vi/j/Mi 

r (2)< _^r(2)* ,■ / ,• 

rf = i / j 

r (2)i _ ^p(2)< _ _1 

the products c* fc = and c* l k = ^?<5}^, the vector fields e = $2fc=i <9fc and E = 
5^fc = i define a bi-flat semisimple F-manifold structure for any choice of ei, . . . , e n . 



5.1 Flat coordinates of the natural connection 

We have to find a basis of flat exact 1-forms 9 = 9idu l , that is, n independent solutions 
of the linear system of PDEs 

_ eJK — = Q ^ i = 1 n, j i 
Oi9i+y — ; — = 0, i = l,...,n, 

k^i 

which is equivalent to 

tfli — erf 



d A - —i — = °> i = l,...,n, j 



J2d k 6i = 0, i = l, 



(5.4) 



k=i 

In particular, we have that 

n n / n 

o = ^2d k e i = Y t d i e k = d i lY t e k 

k=l k=l \k=l 

showing that X)&=i @k is constant if 9 = 9 k du k is flat. 

A trivial solution of the system (15.41) is given by 9j = €j for all j, corresponding 
to the flat 1-form 9^ = *Y^ =1 eidu l = df 1 , where f 1 = Y^=i e i ul - The other flat 
coordinates can be chosen according to 

Proposition 5.1 If^2i e i 1> there exist flat coordinates (f l , f 2 , . . . , /") such that 
ff(u) is a homogeneous function of degree (1 — e;) for all p — 2, . . . , n. Moreover 
e (fP) = for allp = 2,...,n. 
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The proof works exactly as in the case e, = €j (see [T6]). 



For instance, in the case n = 3 following the same procedure explained in [16], [5] 
one can easily check that 



f 1 = eiw 1 + e 2 u z + e 3 w 3 



/ 2 = hypergeom f [-^ + ^ e x + ^e 2 - e 3 - ^Vl - ei - ^V-^i + 8e 3 - e 2 + 1, 

^Vl - ei - e2V-ei + 8e 3 - e 2 + 1], [-3e 3 + d], 1 + z J + 



1 1 1 

1 — ei H — e 2 — e 3 , 

2 2 2 2 



/ 3 = (1 + z ) 1+3 ^ hypergeom ([^ - l -e x + l -e 2 + 2e 3 - - e 1 - -e x + 8e 3 - e 2 

+ ^ - ~ei + ^e 2 + 2e 3 + ^1 - e x - e^-e x + 8e 3 - e 2 + 1], [2 + 3e 3 - ei], 1 + z^j 

(5.5) 



where z = u l u \ . 



5.2 Principal hierarchy 

Given an F-manifold with compatible flat connection one can construct a hierarchy 
of integrable quasilinear PDEs called principal hierarchy [17]. It is defined in the 
following way, which is a straightforward generalization of the original definition given 
by Dubrovin in the case of Frobenius manifolds [8] . 
First of all, one defines the so-called primary flows: 

U Hp,o) = C )k X (p,0) u L (5-6) 

where (Xnm, . . . , ^( n ,o)) is a basis of flat vector fields. Then, starting from these 
flows, one can define the "higher flows" of the hierarchy, 

U t( P , a) = C )k X (p,a) U li ( 5 - 7 ) 

by means of the following recursive relations: 

In this section we will study the principal hierarchy associated with the bi-flat F- 
manifold defined above. One of the flows is the generalized e-system |19j . 



The primary flows. In order to define the primary flows we need a frame of flat 
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vector fields X = that is, n independent solutions of the linear system of PDEs 



ar + — = 0, i = 1, . . . , n, j ^ i 

d^-J2 €tXk ~ e \ Xl =^ i = l,...,n 
z — ' u K — u % 



(5.9) 



which is equivalent to 

djtf + J— = 0, i = l,...,n,j^i (5.10) 

u % — U 3 

[e,X]=0. (5.11) 

Comparing (15.91) with (15.31) . one notices that the components X % of a flat vector fields 
for (ei, . . . , e„) are given by the components of a flat 1-form for (—ex, . . . , — e n ). 

The higher flows. In the case of generalized e-system, the system ( 15. 8ft is equivalent 
to the system 

d 3 X^ a) + 6 X k;i~ffi- a) =0, i 1 (5.12) 

[e, ^(p,a)] = ^(p,a-l)- (5.13) 

Since locally XL s = diK^ ^ (the functions if(p, a ) are the coefficients of the deformed 
flat coordinates for the generalized e-system with — > — the system (I5.12p can be 
written as 

(«' - u^djdiK^a) + (ejdiK^a) - e^K^) = 0, j = 1, . . . , n, j ^ % (5.14) 
or in compact form as 

dd L K^ a) = dK(p ta ) A df 1 , 

where f 1 = eiv 1 and cZ^ is the differential associated with the torsionless tensor 
field L* = u % 5j [H]. This is a crucial remark because (15.14ft can be recursively solved 
by 

dK^ Pta ) = d L K( p>a ) — K(p^df . 

Using this fact, it is easy to check that — apart from some critical values of e\ — the 
functions Kr PjC( ) obtained in this way (properly normalized) provide the solutions of 
the full system (l5TT2ll5TT3|) . 

Proposition 5.2 Suppose that ^ z e\ ^ — 1 and let (f 1 = eiu 1 , f 2 , . . . , / n ) be the 
flat coordinates of the natural connection of the (—ex, ■ ■ ■ , —e n )-system described in 
Proposition \5.1[ If K( p , a ) ar ^ the functions defined recursively by 

K(p,o) = F, dKfaa+i) = d L K(p j(X ) - Kfa^df 1 , a>0, (5.15) 
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and 



Y (p,a) = « > °> 



inen ine vector fields X(i )Qt ) = j=ps — (/-E eij ^ 1 '") ^' C,r ^ e ' ^ ^ = ^' 

^(p,a) — xi^(p,a); / or P = 2, . . . , n, satisfy the recursion relations ( (5. 8\) . 
Moreover the recursion relations ( 15.151) are algebraically solved by 



(5.16) 
and 



^ = ^Ti 

and, /or a ^ -1 - XZz e «> b U 
1 



i=i 



.1=1 



(5.17) 



A" 



a + 1 + e « 



^(^) 2 ^Ar (PiQ _i) - E if(p )a _i) 



Z=l 



J=l 



p = 2,...,n. 
(5.18) 



The proof works as in the case = Sj which is treated with details in |16j . 

Remark 5.3 The vector fields 7( P]Q ) ( I5.16P define the twisted Lenard-Magri chain |JJ/ 
associated to the almost hydrodynimically connections and V^: 

rjf = rf> + (i - £ «K = rg }i + (i - £ 



27ms means that they satisfy the following recursive relations 

dymY^ a ) = d v (3) [E O Y( n _ ljQ ,)) , 

as one can easily verify by straightforward computation. This means that the recursive 
procedure to construct integrable hierarchies based on the Frdlicher-Nijnhuis theory 
Fl5\ [T^y is a particular case of the more general setting developed in JBjj. 



Remark 5.4 For generic values of e\, . . . ,e n the principal hierarchy is not hamilto- 
nian w.r.t. a local Poisson bracket of hydrodynamic type. However according to 
any flow can be written as 



where a is a non exact 1 form, 



P VJ = 9 ij d x - g a V\ k u k x 

is the local Poisson bivector of hydrodynamic type associated to a flat metric g com- 
patible with the natural connection: V^g = 0. 
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5.3 Reciprocal transformations 

To conclude this Section we apply the results of [5] to the generalized e-system. 

Theorem 5.5 Suppose satisfies system U. 3^1. 4^1- 7\ ) and Hi satisfies the corre- 
sponding system A2.1Vi2.2fy . Assume that A is a homogeneous flat coordinate of degree 
k of the natural connection satisfying the condition e(A) = 0, then 

h-=bj-W d MAl i^j, (5-19) 

and 

Hi := -j, (5.20) 

satisfy systems U.S^l.^l.ty and A2.lVi2.2fy respectively, with di replaced by di — k in 
(El- 
In the case di = dj the proof was given in [5]. The general case is completely 
similar. 

Since n — 1 fiat coordinates of the generalized e-system satisfy the hypothesis of 
the above theorem with k — 1 — ej, we have immediately the following corollary. 

Corollary 5.6 Let be the rotation coefficients (15. ip and Hi the Lame coefficients 
(I5.2p . then the new rotation coefficients (I5.19P and the new Lame coefficents (I5.20p 
with A = f k , k — 2, . . . , n define a new solution of systems ( fi.3l|i.^pT?| j and ^2.1\2.2fy 
with di replaced by di — 1 + J2i e i- 

In other words, using the language of [5], the reciprocal F-manifold associated 
with any flat coordinates f 2 ,...,f n is still a bi-flat F-manifold. 
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